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Abstract 
 
 The study of vortex rings has been pursued for decades and is a particularly difficult 
subject.  However the discovery of quantized vortex rings in superfluid helium has greatly 
increased interest in vortex rings with very thin-cores.  While rapid progress has been made in 
the simulation of quantized vortex rings, there has not been comparable progress in laboratory 
studies of vortex rings in a viscous fluid such as water.  This article overviews the history and 
current frontiers of classical and quantum vortex rings. After introducing the classical results, 
this review discusses thin-cored vortex rings in superfluid helium in section 2, and recent 
progress in understanding vortex rings of very thin-cores propagating in water in section 3. 
 
Key words: thin vortex rings; quantized vortex rings; vortex dynamics; superfluidity 
 
 
1. Introduction 
 
Vortex rings have had a very long history in fluid mechanics, dating back at least to W. 
B. Roger’s paper in 1858, for reasons that are not hard to understand. Vortex rings are beautiful, 
even mysterious, they occur on scales from Ångstroms in superfluids, through tornados and 
hurricanes in geophysics, to solar and even galactic scales in astronomy. Understanding them is 
an extremely difficult business, and the problems of relatively thick cores are especially hard.  
This review considers recent progress in the study of vortex rings with very thin cores. Quantized 
vortex rings in superfluid helium, where the core has a radius of about one Ångstrom, is a natural 
arena for such investigation.  The general properties and behavior of quantized vortices are 
discussed by Donnelly (1991).   
 
 The plan of this paper follows. The rest of this introduction is a review of the formulae 
for thin-core vortices in an inviscid liquid.  Section 2 is devoted to the study of vortex rings in 
inviscid (or Eulerian) fluids, including superfluids. Section 3 contains results of investigations of 
the motion of thin-cored vortex rings in viscous fluids. Section 4 is devoted to conclusions. 
 
 There exist two notable review articles on vortex rings by Shariff and Leonard (1992) and 
by Lim and Nickels (1995).  Readers will find invaluable information in both these reviews, 
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much of which has not been covered in this review, which concentrates on relatively recent 
research. 
 
 
 
 
 
1.1 Results for thin-core vortex rings in an inviscid fluid 
 
Let us first note the results for thin vortex rings of circulation G moving in an inviscid 
(Eulerian) fluid of density ρ , quoted in many books on fluid mechanics.  When the radius of the 
ring, R,is much larger than the core radius a, the kinetic energy of such a ring is (assuming the 
core is hollow) 
 
 
21 [ln(8 / ) 2]
2
K R R aρ= −G . (1) 
 
The vortex ring moves forward with its own self-induced velocity V  
 
 ( / 4 )[ln(8 / ) 1/ 2]V R R api= −G , (2) 
 
and the momentum, or more properly impulse, of such a ring is  
 
 
2P Rρ pi= G . (3) 
 
Thin vortex rings can be described by a total energy (including energy associated with the 
core structure as well as kinetic energy as in equation (1)) formally equivalent to a Hamiltonian 
E.  Then the velocity and impulse of the vortex rings are connected by Hamilton's equation 
(Roberts and Donnelly, 1970) 
 
 /V E P= ∂ ∂ . (4) 
 
The simplest situation occurs when the core radius a is negligible in size compared to the radius 
of the vortex ring. Then the case for any core model can be written 
 
 
21 [ln(8 / ) ]
2
E R R aρ α= −G , (5) 
 
 ( / 4 )[ln(8 / ) ]V R R api β= −G . (6) 
 
 
Application of (4) to (5) using (3) gives 
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= = + −
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G
. (7) 
 
The handling of (7) depends on core structure as shown by Roberts and Donnelly, 1970.    Thus 
from (6) and (7) we see that 1β α= −   under constant pressure.    Under constant 
volume 3/ 2β α= − . 
Table 1 Values of α  and β  for classical vortex rings with different core models (adapted from Donnelly, 1991).  
The non-linear Schrödinger Equation (NLSE) result is obtained by Roberts and Grant (1971) for one model of a 
quantized vortex ring. 
 
 
Model α  β  
Solid rotating core, constant volume 7/4 ¼ 
Hollow core, constant volume 2 ½ 
Hollow core, constant pressure 3/2 ½ 
Hollow core with surface tension 1 0 
NLSE solution 1.615 0.615 
Viscous core 2.05* 0.558# 
 
* see §2.7, # Saffman(1970) viscous core 
 
 
1.2 Fraenkel’s second order formulae 
 
 Fraenkel (1972) has given second-order formulas for rings which have finite, but small 
values of  /a Re =  (the dimensionless core radius).  These are written 
  
 )
4
31( 22 eRGP += piρ , (8) 
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4
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2
1 22
e
e
e
RGE +−= ρ . (9) 
Since e  is considered small in this paper, we see α = 7/4  in (5).  
  
1.3 The vortex bubble 
 
 We can gain some insight into the vortex bubble (the region of fluid entrained by the 
vortex ring) from a drawing in § 155 of Lamb’s Hydrodynamics (1945), reproduced here as Fig. 
1.  This represents two infinitely thin straight vortices with cores situated at +R and –R, moving 
through the fluid at velocity / 4 RpiG , where G  is the circulation about the filaments. The picture 
is drawn in a frame at rest with respect to the vortex filaments.  The oval surrounding the 
vortices moves with the vortex pair.  The semi-axes of the oval are 2.09R and 1.73R, and the 
ratio of semi minor to semi major axes is g =0.828. 
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Fig. 1. A pair of vortex filaments moving through a perfect fluid.  After Lamb (1945). 
We can understand the presence of the vortex bubble by a simple analogy from 
electromagnetism.  Suppose we have a current loop carrying a current density j in an external 
magnetic field B.  The current loop generates a dipolar magnetic field of its own which 
“overrides” the external field near the loop. There is a well-defined spherical boundary within 
which the field from the loop dominates and outside of which the external field dominates (one 
can picture the analogy by considering Fig. 1 to have a current loop instead of parallel wires). 
The current density j is analogous to the vorticity in the core, and B is analogous to fluid velocity 
V (Fetter & Donnelly, 1966).   
 
 
1.4 Vortex rings in superfluid helium 
 
Rayfield and Reif (1964) studied quantized vortex rings using an ion time-of-flight 
apparatus shown in Fig. 2.  The ions, coming from a radioactive cathode are known to produce 
vortex rings and then get trapped in the cores of the rings.  Their experiment, performed at 
temperatures near 0.3 K, is based on the observation that very little dissipation in the energy of 
the charge carriers (vortex rings plus charge) occurs in the spectrometer.  A potential U is 
applied between the radioactive source S and grid A1. The charge carriers then arrive at A1 with 
an energy E=eU and some velocity V.  These carriers are prevented from reaching the collecting 
electrode C by a retarding potential –U   applied between A2 and C.  A small square wave 
potential of frequency f is applied to grid B, and small electric fields 'E  alternately directed 
toward and away from B are produced in the region A1A2 (free of DC fields) .  If V is such that 
the time of flight L/V of the charge carrier through the distance L from A1 to B is just equal to the 
time (2 f)-1 between field reversals, then the carrier remains in synchronism with this field and 
thus gains from it a small amount of energy sufficient to overcome the retarding potential 
between A1 and C to reach the collector C.  At the frequency f=V/2L, therefore, the collected 
current will exhibit a resonance maximum.  It was found that at low enough temperatures and 
high enough E the carriers exhibited negligible dissipation in A1A2.    Plotting E versus V 
obtained by the above method, we see that V does decrease with E and that the plot agrees 
extremely well with the theoretical values obtained by eliminating R between (5) and (6) and by 
letting a~1Å.  Comparison between theoretical and experimental values are shown in Fig. 3.  The 
experiment shows that the charge carriers behave exactly like vortex rings with circulation 
/h mκ = =9.97x10-4 cm2/s. Here h is Planck’s constant and m is the mass of the helium atom. 
This fundamental result assures us that the classical expressions for energy, impulse  and 
velocity for vortex rings in an inviscid fluid, which have been known for decades, have a direct 
experimental foundation. 
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Fig. 2  Ion time-of –flight spectrometer used by Rayfield and Reif(1964)  to  determine the dynamics of ion-
quantized vortex ring complexes.  The ionization was produced by an alpha radioactive source on plate S.  The field 
'E is reversed periodically by applying a square wave potential to grid B. 
 
 
Fig. 3. Rayfield and Reif’s (1964) data on the velocity of ion-ring complexes compared to the classical results (1) 
and (2) with /h mκ= =G   and a=1Å.  Note that the results are independent of ion species, which are very 
different in mass and size. 
 
 One of the earliest experiments on vortex interactions was carried out by Schwarz (1968).  
He fired quantized vortex rings at an array of quantized vortex lines created by rotating the entire 
cryostat.  His experimental results led him to begin his theoretical ideas on the dynamics of 
quantized vortices which have been so useful over the years and will be discussed in §2. 
 
 
2. Models of quantized vortex rings 
 
The most used models of quantized vortex rings in superfluid helium are based upon the 
Nonlinear Schrödinger  Equation (NLSE) model and the vortex filament model. Each model has 
advantages and disadvantages. For example, the vortex filament model must postulate the 
existence of vortex reconnections (which are predicted by the NLSE model); it is also 
incompressible, so it does not capture  the transformation of kinetic energy into sound energy, 
which is described by the NLSE. On the other hand, numerical calculations performed with the 
NLSE require resolution at very short length scales, smaller than the vortex core radius, which 
means that the NLSE is not practical for calculations involving large vortex rings or many 
quantized vortices (as in superfluid turbulence). Finally, the NLSE describes only a superfluid at 
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the temperature of absolute zero. Finite-temperature effects, which arise from the friction with 
the normal fluid, are not in the NLSE model, but are easily taken into account by the vortex 
filament model (see Schwarz’s equation). It must be noticed, however, that the situation with 
respect to finite temperatures is rapidly changing. Modifications of the NLSE which take into 
account a thermal cloud of non-condensed atoms have been proposed. In particular, the ZNG 
model of Zaremba, Nikuni and Griffin (1999) consists of a  NLSE coupled to a quantum 
Boltzmann equation for the thermal cloud. Predictions based on the ZNG theory by Jackson et al. 
(2007)   for the decay of solitons agree very well with the experiments. Work in progress by 
Jackson et al. (2008) considers the decay of quantized vortices, essentially determining the 
mutual friction between the condensate and the thermal cloud from first principles. It is 
interesting to remark that they find an enhancement of the density of non-condensed atoms in the 
vortex core region, where the density of the condensate drops to zero. 
 
2.1 The NLSE model 
 
A microscopic model of quantized vortex lines is provided by the Nonlinear Schrödinger 
Equation (NLSE), pioneered by E.P. Gross and P.H. Roberts. The NLSE is often called the 
Gross Pitaevskii (GP) equation in the context of Bose-Einstein condensation (BEC) of ultra-cold 
atomic gases. The NLSE describes very accurately vortex rings in a Bose-Einstein condensed 
atomic system because it consists of a weakly interacting gas of Bose particles, see Pethick and 
Smith (2001). On the contrary, in the case of superfluid helium, the interaction between the 
bosons is strong, and the NLSE must be interpreted as a qualitative model only. Nevertheless, the 
NLSE model is very useful to study superfluid helium, as it captures the essence of important 
physical mechanisms, as we shall see. 
 
 In the Hartree approximation, a condensate of N weakly interacting Bose particles of 
mass m is described by the single particle wave function ψ (or complex order parameter) which 
obeys the NLSE 
 
,)||
2
( 22
2
ψψψ EV
mt
i −+∇−=
∂
∂ h
h
             (10)                                                
where V is the strength of the repulsive interaction between the bosons and E is the energy 
increase upon adding one boson. The solution of the NLSE evolves conserving the total mass 
xdmM 32||∫= ψ , momentum xdiP 3** )()2/( ψψψψ ∇−∇= ∫h
r
 and energy 
xdVxdmE 34322 ||)2/(||)2/( ψψ ∫∫ +∇= h . 
 
 It is convenient to write the order parameter as )exp(|| iSψψ = in terms of its amplitude 
and phase (Madelung transformation). Hereafter we neglect the difference between the 
condensate and the superfluid fraction, and identify the superfluid density sρ  at temperature T=0 
with 2||ψρ ms =  and the superfluid velocity with Smvs ∇= )/(hr . Using cylindrical coordinates 
(r,θ,z), the solution of the NLSE which corresponds to a straight vortex line set along the z-
direction is easily found by letting S=θ. The resulting velocity field is )2/( rvs piκ=  in the θ 
direction where κ is the quantum of circulation. The corresponding density drops from its bulk 
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value 
sρ  (away from the vortex) to zero (on the axis of the vortex) over a characteristic distance 
a≈10-8 cm, called the vortex core radius. The core of the quantized vortex in the NLSE model is 
thus essentially hollow. 
              
The superfluid described by the NLSE is very similar to the inviscid fluid described by 
the classical Euler equation, as reviewed recently by Barenghi (2008). Indeed, using the above 
identification of sρ  and sv
r
, from the NLSE we obtain the classical continuity equation 
 
 
 
0)( =+
∂
∂
ss
s vdiv
t
rρρ ,                                                     (11)                      
 
and the classical quasi-Euler equation 
 
 
k
jk
jk
sj
sk
sj
s
xx
p
x
v
v
t
v
∂
Σ∂
+
∂
∂
−=
∂
∂
+
∂
∂ )(ρ
 ,            (12)                                                 
(for k=1,2,3 and the usual convention of summation over repeated indices). The terms at the right 
hand side of the equation contain the pressure, )2/( 22 mVp sρ= , and the quantum stress tensor 
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∂
∂
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ρh
,                     (13)   
                            
The quantum stress tensor marks the difference between the NLSE and the Euler 
equation: setting 0=h  in equation (13), jkΣ  becomes zero and the quasi-Euler equation (12) 
reduces to the classical Euler equation for a fluid of density ρ , pressure p and velocity 
components jv : 
 
jk
j
k
j
x
p
x
v
v
t
v
∂
∂
−=
∂
∂
+
∂
∂ )(ρ .                                                 (14) 
In the case of a superfluid vortex ring we also notice that, away from the vortex core, the 
superfluid density sρ is essentially constant, the gradients of sρ  are negligible and the quantum 
stress tensor jkΣ is approximately zero, so we recover classical Euler dynamics again. 
 
 To understand the physical meaning of the quantum stress tensor it is instructive to 
derive from equations (11) and (12) the law of conservation of momentum, which is 
 
 jk
k
sjs
x
v
t
Π
∂
∂
−=
∂
∂ )(ρ ,                                                       (15) 
where the momentum flux density tensor jkΠ  is defined as 
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It is well-known that (see Landau and Lifshitz 1987), in the case of the Navier-Stokes equation 
for a classical viscous fluid, equations (15) and (16) are still valid but, at the place of equation 
(13),  the stress tensor is 
 
i
ijk
j
j
jk
j
k
k
j
jk
x
v
x
v
x
v
x
v
∂
∂
+
∂
∂
−
∂
∂
+
∂
∂
=Σ ςδδη )
3
2( ,                                   (17) 
where η   and ς  are viscosity coefficients. We conclude that in the NLSE model the stress tensor 
depends only on the density and its gradients (see equation 13), whereas in a classical Navier-
Stokes fluid the stress tensor depends on the velocity and its gradients (see equation 17). 
 
The quantum stress tensor plays a crucial role in phenomena such as vortex nucleation 
(e.g. the creation of a quantized vortex ring by a moving negative ion bubble) and  vortex 
reconnections, whose existence was postulated by Schwarz (1985) and demonstrated by Koplik 
and Levine (1993) using the NLSE model. It is important to notice that in a classical viscous 
flow like water vortex reconnections involve dissipation of energy. In the NLSE model the total 
energy is a constant of motion, and, as we shall see, vortex reconnections take place at constant 
total energy but involve a transformation of kinetic energy into sound energy. 
 
 A remarkable property of vortex ring solutions of the NLSE was found by Jones and 
Roberts in 1982. They computed vortex rings of smaller and smaller radius, to the limit aR → , 
and  discovered that the solution branch ended with a solitary wave, see also Berloff (2005).   
 
 
2.2 The Vortex Filament Model 
 
The radius of the superfluid vortex core, a, is much smaller than any other length scale of 
experimental interest, for example the average distance, l , between quantized vortices in a 
turbulence experiment. Following Schwarz (1985, 1988), who pioneered this approach, we 
model a quantized vortex line as a space curve (or filament) of infinitesimal thickness. Let 
),( tss ξrr =  be the position of a point on the vortex loop where ξ is arc length and t is time. 
Following the classical theory of space curves, we define three unit vectors at sr : the tangent, Tˆ , 
the normal, Nˆ , and the binormal, NTB ˆˆˆ ×= , where '/ˆ sdsdT rr == ξ , NcdTd ˆ/ˆ =ξ  and cR /1=  
is the local radius of curvature at sr . Fig. 4 shows the directions of the three unit vectors on a 
curved vortex filament. 
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Fig.  4.  A  curved vortex filament. Note the three vectors along the tangent, normal and binormal directions  Tˆ , Nˆ  
and Bˆ  at the position sr . 
 The velocity of the vortex filament at sr   is determined by the Biot-Savart law 
 
 
'|'|
)'(
4
)( 3 xdxx
xx
xv sis
r
rr
rr
rr
×
−
−
−= ∫pi
κ
, 
                                        (18)                                              
where the path of integration extends along the filament. The technique to de-singularize the 
integral (which diverges when 'xx rr → ) is explained in Schwarz (1985, 1988), and takes into 
account the existence of a small but nonzero vortex core radius. We call this velocity the self-
induced velocity of the vortex, because it is generated by its own geometrical shape. Eq. (18)  
thus determines the motion of a vortex filament at T=0. 
 
 At the leading order, the Biot-Savart law can be approximated by the Local Induction 
Approximation (LIA) 
  ''')/ln(
4
)( ssaRxv effsis
rrrr
×≈
pi
κ
,                                          (19)                                                      
 
where effa  is an effective core radius. Eq. (19) states that, in the first approximation, the velocity 
of a vortex filament at the position sr  is along the binormal direction and has magnitude which is 
inversely proportional to the local radius of curvature.  
 
 Whether the LIA is a good approximation to the exact Biot-Savart law depends on the 
problem. In § 2.5 we shall see an example in which the LIA gives a qualitative wrong answer. 
 
 In §§ 2.4 and 2.5 we shall apply the Biot-Savart law to two problems: vortex rings 
disturbed by large amplitude Kelvin waves, and torus knots. The context can be interpreted either 
as classical (inviscid vortex rings whose core is of infinitesimal thickness) or quantum (vortex 
rings in superfluid helium at temperature T=0). Finite-temperature effects on vortices in 
superfluid helium are discussed in the next section. 
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2.3 Vortex rings at nonzero temperature: the Schwarz equation. 
 
 At nonzero temperature the vortex cores scatter the thermal excitations, thus creating a 
mutual friction force between the normal fluid and the superfluid, as reviewed by Barenghi, 
Donnelly & Vinen (1983) . The forces acting on the unit length of vortex line are the Magnus 
force, MF
r
, and the drag force, DF
r
 , given by 
 
 )(' sLsM vvsF
rrrr
−×= κρ ,                                (20)                                                    
and 
 
 ' ' ( ) ' ' ( )D s s n s s nF s s v v s v vρ κα ρ κα= × × − + × −
r r r r r r r r
,                (21)                                                   
where nv
r
 is the externally applied normal fluid velocity, and α , 'α  are temperature dependent 
friction coefficients. The superfluid velocity can be decomposed into an externally-applied 
superflow and the self-induced velocity arising from the Biot-Savart law (or the 
LIA), extssiss vvv
rrr
+= . The effective mass of the vortex core is negligible, so the motion of the 
filament is determined by the balance of Magnus and friction forces 
 
 0=+ DM FF
rr
.      (22)                                                                                                                        
 
One finds 
 
 )]('['')(' sisextsnsisextsnsisextsL vvvssvvvsvvv
rrrrrrrrrrrr
−−××−−−×++= αα ,  (23)                                           
 
which is Schwarz's equation. Schwarz’s equation is used to perform numerical calculations of 
vortex filaments in superfluid helium at nonzero temperature.  Using the same approach, 
Barenghi et al. (1983) determined the lifetime and range of a vortex ring of radius R. Assuming a 
hollow core, the self-induced velocity of the ring is  
 
 )
2
1)8(ln(
4
−=
a
R
R
vR pi
κ
,                                         (24)          
                                                             
in the direction perpendicular to the plane of the ring. In the presence of constant superfluid and 
normal fluid velocities sv  and nv  in the direction along Rv , the rate of change of the ring’s 
radius is 
 
 )( Rsn
s
vvv
dt
dR
−−=
κρ
γ
,      (25)                                                                        
 
whereγ   is a known temperature-dependent friction coefficient, see Barenghi, Donnelly and 
Vinen (1983). Equation (25) shows that if the relative difference between the normal fluid and 
the superfluid velocity is larger than the self-induced velocity, the ring will grow in size. If the 
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liquid helium is at rest ( 0== ns vv ) the ring will lose energy due to the friction with the 
stationary normal fluid, thus decreasing its size R and increasing its speed Rv . In this case, the 
lifetime of the ring (which we define as the time taken to shrink to radius equal to the vortex core 
a), is approximately given by 
 
 
22 s R
L
ρ pi
τ
γ
= ,                                             (26)                                                
where we have assumed that 2/1)/8ln( −= aRL  is approximately constant.  
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2.4  Finite-amplitude Kelvin waves 
 
 The Biot-Savart law of the vortex filament method has been useful to investigate the 
motion of slightly perturbed vortex rings. Using the LIA it is easy to verify that if a straight 
vortex line is deformed in the shape of  a helix of small amplitude compared to the wavelength 
λ , the deformation, called a Kelvin wave,  rotates in the direction opposite to the rotation of the 
superfluid around the axis of the vortex (as shown in Figure 4).The angular frequency of the 
Kelvin wave is  
 
 ]116.0)1[ln(
4
))(
)(11(
2
2
1
0
2 −−≈+−= ka
k
kaK
kaKka
a pi
κ
pi
κ
ω ,      (27)                                                   
 
where λpi /2=k  is the wave number, 0K and 1K  are modified Bessel functions, and the 
rightmost expression is ω  in the long-wavelength limit 1<<ka . Using the vortex filament 
model, Barenghi et al. (2006) found that finite-amplitude Kelvin waves on a vortex ring slow 
down its translational motion, confirming Kiknadze and Mamaladze (2002) results obtained 
using the LIA. The left hand side of Figure 5 illustrates the effects: the circular ring moves faster 
than a ring with Kelvin waves. If the amplitude of the Kelvin waves is large enough, the vortex 
rings moves in the opposite direction of a circular ring. The motion of the vortex filament is 
rather complicated, as the large amplitude waves change their plane during an oscillation. 
 
 
 
  
Fig. 5. (a): A circular vortex ring of radius R = 0.1 cm (blue) and  a vortex ring perturbed by N=10 Kelvin waves of 
amplitude A/R = 0.05 (red) which move in the z direction. Note that the perturbed ring moves slower.  (b)  Kelvin 
waves of large amplitude (A/R = 0.35) on a vortex ring. Note that the perturbed vortex ring moves backwards in the 
negative z direction. (c) top panel): xy view of the large amplitude vortex at t = 0 (blue) and t = 26 s (red, 
outermost). For comparison, a non--disturbed vortex is shown with dashed line (green). (d) bottom panel): The 
average location of the vortex ring as a  function of time. From top to bottom the curves correspond to A/R = 0.0, 
0.05, 0.10,  .., 0.35. 
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2.5 Vortex knots 
 
 The vortex filament model has been used by Ricca, Samuels and Barenghi (1999) to 
study the evolution of vortex knots. The simplest vortex knot is the torus knot pqτ  where p and q 
are relative prime integers representing the number of toroidal and poloidal wraps respectively. 
The quantity pqw /=  is called the winding number. A vortex ring can be thus considered an 
unknot because it has trivial topology. Examples of torus knots are shown in Fig. 6 a,b and c.  
 
 The problem of the stability of torus knots, tackled analytically by Kida (1981) and Ricca 
(1993) using the LIA, is a subtle one. Using the LIA, it can be proved that the motion of a torus 
knot is stable if 1>w .  The theorem thus predicts 23τ  that is stable and 32τ  is unstable. 
Numerical calculations performed under the LIA confirm the theorem: Fig. 6a shows that 
23τ propagates in a stable way and Fig. 6b shows that 32τ  breaks up.  However, numerical 
simulations also revealed that the motion under the exact Biot-Savart law can be qualitatevely 
different than the motion under the LIA. For example, 32τ  can travel a distance which is 
physically significant (e.g. 40 times its size) before undergoing any instability, as shown in Fig. 
6c. It is important to notice that, under the Biot-Savart law, vortex strands which are parallel and 
close to each other rotate around each other, and this internal rotation of the vortex structures 
(besides the translational velocity and the rotation of the lobes) is not accounted by the LIA. 
 
 The possibility of creating vortex knots in the laboratory will be discussed in § 3.  
 
 
Fig. 6. (a): Motion of the torus knot 23τ  under the LIA, from Ricca et al. (1999). The time sequence 210 ,, ttt is 
from top to bottom. The vortex, initially near z=0, travels in the z direction in a stable way. The vortex filament is 
represented as a tube for illustration purpose (in reality the vortex core has infinitesimal thickness). 
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Fig. 6. (b): Motion of the torus knot 32τ  under the LIA, from Ricca et al. (1999). Note that the vortex has become 
unstable after travelling only a short distance to z=3. 
 
 
 
Fig. 6. (c): Motion of the torus knot 32τ  under the Biot-Savart law, from Ricca et al. (1999). Unlike the 
propagation under the LIA of Fig. 6b, the vortex is stable (it has reached z=14). 
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2.6 Quantized vortex rings as tools to study superfluid turbulence 
 
 Vortex rings and their 2-dimensional analogy (vortex-antivortex pairs) have played an 
important role in the study of quantized vorticity and superfluid turbulence. Firstly, 
investigations on the nature of superfluidity with moving ion bubbles led to the discovery of 
vortex rings by Rayfield and Reif (1964), and to the direct experimental verification of Landau’s 
theory of the critical velocity by Allum et al. (1977). In this context, the use of the NLSE model, 
pioneered by Frish et al. (1992), was particularly useful. Fig.7 shows a vortex ring generated by a 
moving ion bubble, as calculated by Winiecki and Adams (2000) using the NLSE model - see 
also Berloff (2000). Note that the vortex ring is created at the equator of the bubble, but this 
axisymmetric configuration is unstable, and the ring moves to the side. 
 
 
 
Fig. 7.  An ion bubble, moving at speed which exceeds the critical velocity, creates a vortex ring. Calculation 
performed by Winiecki and Adams (2000) using the NLSE model. 
 
  
 Secondly, vortex rings can be used to probe superfluid turbulence, as being done recently 
by Walmsley et al. (2007). Thirdly, vortex rings provided a simple context to study fundamental 
processes in  superfluid helium at very low temperatures. In the following we shall concentrate 
on the third aspect. As we shall see, investigations on this aspect are based essentially on vortex 
collisions, a topic which will be also discussed in §3 in the context of viscous rings. 
 
 The study of the decay of turbulence is a very important topic which has attracted much 
attention (Goto et al. 2008, Alamri et al. 2008, Vinen 2006, Vinen and Niemela 2002). In 
superfluid helium at relatively high temperatures (that is, at temperatures which are large enough 
that the friction between the superfluid fluid and the normal fluid governs the dynamics) the 
prototype experiment is the towed-grid configuration used by Smith et al. (1993). On the other 
hand, at temperatures below approximately 1 K, the normal fluid is negligible and helium II can 
be considered a pure superfluid. However, experiments show that superfluid turbulence created, 
for example, by moving grids or wires, decays rather quickly, even at temperatures of few mK, 
as demonstrated by Davis et al. (2000). The natural question which arises is what should be the 
sink of kinetic energy at these low temperatures, a regime in which viscous effects and friction 
do not exist.  
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 Nore et  al. (1997) shed light on the problem by solving the NLSE. Their initial condition 
was a large scale flow, which became unstable and turned into quantum turbulence. As expected, 
the total energy remained constant with time, but the kinetic energy of the turbulence decreased 
while the level of sound energy increased. The conclusion is that the sink of kinetic energy at 
very low temperatures is acoustic. 
 
 Further work using the NLSE model and the vortex filament model revealed the details of 
the generation of sound energy by vortices. Using the NLSE model, Barenghi et al. (2005)   
found that a 2-dimensional vortex ring which interacts with an isolated vortex suddenly changes 
its direction of motion and emits a ripple of sound waves, as shown in Fig. 8.   After the 
interaction, the reduced kinetic energy of the ring is made apparent by its smaller size. 
 
Fig. 8. Left: vortex pair which is deflected by an isolated vortex. The lines mark the trajectories of the two vortices 
of the pair. The colours characterizes the density (the vortex core regions are darker). Right: the sound ripple (small 
density oscillations) which are generated by the interaction. The trajectory of the vortex pair is superimposed}. 
Calculation performed using the NLSE model by Barenghi et al. (2005). 
 
 The generation of sound by accelerating vortices is well-known in classical fluid 
dynamics.  Atomic Bose-Einstein condensates are a very convenient context where to study the 
radiation of sound by vortices, particularly because the “dimple trap” of Parker et al. (2004) can 
be used to prevent/let the sound interact with the vortices which generated it in the first place. 
 
 However, the classical mechanism of sound generation alone is not enough to explain  
the observed decay of the turbulence. The reason is that, if l  is the average vortex distance 
within a turbulent tangle, the angular velocity of vortices which are l  apart,  or the angular 
velocity of a Kelvin wave of wave number l/1≈k , is far too small. to radiate sound efficiently. 
Very high wave numbers k  are needed, as observed by Vinen (2001, 2006). 
 
 The recently discovered Kelvin wave cascade provides a mechanism to generate the large 
wave numbers required to radiate sound and destroy kinetic energy. The calculation of Kivotides 
et al. (2001) shown in Fig. 9 demonstrates how the Kelvin wave cascade is driven by vortex 
reconnections. Consider four vortex rings, initially placed symmetrically around a cube so that 
they move against each other. At the moment of reconnection, cusps are created on the vortex 
filaments. The cusps relax into large-amplitude Kelvin waves. At finite temperatures, the friction 
with the normal fluid would dissipate these waves. At sufficiently low temperatures, in the 
absence of friction, the nonlinear interaction between the waves generates waves of larger and 
 17
larger wave numbers, until, at sufficiently large k , sound can be radiated away. Theoretical work 
on the Kelvin wave cascade and the scaling of its energy spectrum was also done by Vinen et al. 
(2003) and  Kozik and Svistunov (2004). 
 
. 
 
Fig. 9. Kelvin wave cascade generated by vortex reconnections. Time t=0: four vortex rings are initially launched 
against each other. Time t=0.059: notice the cusps just after the vortex reconnections. Time t=0.069: the cusps relax 
and form large amplitude Kelvin waves (compared to the wavelength). Time t=0.129: the nonlinear interaction of 
the waves generates higher and higher wave numbers. Calculation performed using the vortex filament model by 
Kivotides et  al. (2001). 
 
 
 The Kelvin wave cascade is thought to be the key mechanism which is responsible for the 
creation of   small enough scales that sound radiation can take place. Current work on the Kelvin 
wave cascade is concerned with a possible bottleneck between the classical Kolmogorov cascade 
at wavenmbers l/1<<k  and the Kelvin wave cascade at l/1>>k , see for example Nazarenko 
(2007), L’vov et al. (2007) and Kozik and Svistunov (2008). 
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 A more fundamental but non-classical aspect of the transformation of kinetic energy into 
sound in a superfluid was discovered by Leadbeater et al. (2001). They studied collisions of 
vortex rings with the NLSE model and found that at each vortex reconnection  an intense 
rarefaction pulse is emitted, removing kinetic energy from the vortices. Fig.10shows a collision 
of a small vortex ring with a large vortex ring.   What is plotted in the figure are actually 
isosurfaces of constant density, which visualize the core region. At t=120 the contouring routine 
has captured the rarefaction pulse. The rarefaction pulse is more visible in Figure 11 in which 
density profiles along the z direction are plotted corresponding to different times. Note the small 
scale of the rarefaction pulse, only about five healing lengths. As the pulse moves away, it 
becomes larger and shallower.  It is interesting to compare this effect with the collision of two 
classical vortex rings (Kambe et al 1993): in this case acoustic waves are excited by the motion 
of the large-curvature cusp which results from the collision. 
 
 In typical experimental conditions, we expect that the decay of the turbulence is mainly 
due to sound radiation following the Kelvin wave cascade. Rarefaction pulses are likely to 
dominate the decay of turbulence only if the vortex line density is extremely large (a situation 
which is more typical of experiments with atomic Bose-Einstein condensates, in which the 
vortices are very close to each other). Still, this transformation of a small amount of kinetic 
energy into sound energy (the total energy remaining constant) at each reconnection event is a  
fundamental process which distinguishes a superfluid from a classical Euler fluid. 
 
 
 
 
 
Fig. 10.   The time sequence shows two views of a small vortex ring colliding with a large vortex ring.  The vortex is 
visualized by plotting a contour of constant density. The dot visible at t=120 is the rarefaction pulse. Calculation 
performed using the NLSE model by Leadbeater et al. (2001). 
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Fig. 11. Rarefaction pulse resulting from the head-on collision of two vortex rings of equal size. What is plotted is 
the density profile as a function of z (the direction away from the reconnection point) at 11 different times. Unit 
density corresponds to the bulk value. The unit of length is the healing length.  Calculation performed using the 
NLSE model by Leadbeater et al. (2001). 
 
 Vortex rings have also been used to study the reverse process: the transformation of 
sound energy into kinetic energy of vortex motion. A dramatic example is the calculation of 
imploding bubbles by Berloff and Barenghi (2004). Figure 12 shows that the shock waves 
induced by the collapse of the bubble generate a gas of vortex rings which flies away. 
 
 
 
 
Fig. 12. The time sequence shows the implosion of an initial  bubble (t=0) and the generation of a gas of vortex 
rings (t=66) which move away (t=123). Calculation done using the NLSE model by Berloff and Barenghi (2004). 
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3. Vortex rings in viscous fluids 
 
 
 Equation (6) is the celebrated relationship between V, R,  G and a for vortex rings in an 
inviscid fluid.  Before proceeding too far in new investigations, we would like to know if a 
similar expression exists for vortex motion in a viscous fluid.  Indeed such an expression has 
been introduced by Saffman (1970) for a Gaussian vorticity distribution in the core: 
 
  
8ln
4
RV
R a
G β
pi
 
= − 
 
, (28) 
 
which we will discuss in §3.3 below, and where he finds  
 
                                                 558.0,4 == βνta ,                                    (29) 
 
where ν is the kinematic viscosity and t  is the time elapsed from the beginning of the stroke of 
the piston in the cylinder which has created the vortex ring.  This result holds only for small 
times.  If the time of observation is limited to the stroke time T we shall show that (28) and (29) 
do indeed give a good account of experiments reported here.   
 
3.1  The radius of vortex rings 
 
 We would like to characterize our rings in water by means of equations along the lines of 
those discussed in §1.1.   Sullivan et al (2008) have devised a way of measuring the core size a 
and impulse P directly, and we will describe these methods and determinations below. 
 
  
 
 
Fig. 13  Sketch of the vortex ring gun used by Sullivan et al (2008).  The radius of the exit of the gun is R0 , the 
length of the stroke delivered by  the linear motor is L, and is accomplished in time T.  Some of the measurements 
reported here were taken with an earlier gun design, seen in Fig. 20. 
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 In this study, vortex rings are generated by impulsively displacing water with a piston 
through a cylindrical gun, as shown in Fig. 13  When the piston is fired, it sweeps out a volume 
of fluid 20p R LpiΩ = . The fluid associated with the vortex ring and its flow pattern form a vortex 
bubble, which is flattened in the direction of propagation of the ring as shown in  Fig. 14.  Let us 
assume it is an ellipsoid of revolution with semi-major axis Rb and semi-minor axis  bRγ  where 
the eccentricity  1γ < .  The volume of this spheroid would then be 3(4 / 3)b bRpi γΩ = .  
Measurements show that the volume of this bubble is greater than pΩ  owing  to  entrainment of 
surrounding fluid during the formation process as  described by Dabiri & Gharib (2004). 
 
Rb
R
γR γRb
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Fig. 14 Sketch of a thin vortex ring of core radius a, ring radius R and bubble radius Rb.  γ  is the ratio of semi 
minor to semi major axes and is found photographically to be 60.0=γ .  The direction of motion is horizontal.  
Streamlines would look much as in Fig. 1. 
 
                                                                                                                                                                                                                                                                            
 
Sullivan et al (2008)  make use of these ideas in the calculations of ring and bubble 
dimensions.  Assuming that the impulse of the ring P defined in (3) is approximately equal to the 
momentum given to the water by the piston, a fact later verified experimentally in §3.6 suggests 
that  
                                   
2RGVM pp piρ=  ,                                                 (30) 
 
 
where pM is the mass of water displaced by the piston and pV  is the velocity of the piston.  At the 
same time, when the ring is moving with its bubble at velocity V 
 
 p p bM V M V=  ,     (31) 
where V is the velocity of the vortex ring and bM  is the mass of fluid in the  bubble.  The 
practical use of (31) requires an amendment to include the induced mass of the bubble as will be 
explained below. 
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Sullivan et al (2008) have found it useful to imagine that the vortex ring itself encircles 
the major axis of an entirely fictitious and geometrically similar ellipsoid, as indicated by the 
inner curve of Fig.14.  The volume of fluid in the inner spheroid is 3(4 / 3)
r
Rpi γΩ = , and if we 
guess that its volume is equal to the volume swept out by the piston, pΩ , then 
 
  
r pΩ = Ω ,  (32)  
and  
 ( )1/3(1/3) 20(3 / 4 ) 3 / 4pR R Lpiγ γ= Ω = . (33) 
 
The assumption (32) is unlikely to be exact, but is justified a posteriori by the nice correlation of 
Fig. 15.  We should note here that Sullivan et al (2008) show that the ring radius does not change 
while traveling through the tank. 
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Fig. 15 Relationship between the observed ring radius R and the piston stroke L.  The solid line is given by equation 
(33): 1/ 31.27 0.195R L= - . Errors in the measurement are about 5%±  and increase considerably at short stroke 
lengths. 
 
3.2  An estimate for vortex circulation and velocity 
 
 What would help the designer of an experiment is an estimate of the expected ring 
circulation based on the stroke length and stroke time. The best known of these is the  "slug 
model" (see, for example, Didden, 1979), where the circulations is given by    
  
 
2 / 2s L T=G . (34) 
 
Sullivan et al (2008) have proposed  another estimate of the circulation based upon the 
assumption that the impulse of the ring is not far from the momentum given to the water in the 
gun by the piston. Thus from (30) 
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2 2
0 pR LV RGρpi ρ pi= , (35) 
 
we have an expression for the circulation in terms of gun parameters  
 
 
2 2 2 2 2
0 0/ /pR LV R R L R T= =G , (36) 
 
and the corresponding velocity V using (28), (29) and (33) is 
   
 
8ln 0.558
4 3
pVRV
R a
G γ
pi pi
 
= − = Λ 
 
, (37) 
 
where  
 
 558.0)/8ln( −=Λ aR .                                          (38) 
Equation (37) can be written 
 30.0)3/(/ =Λ= piγpVV . (39) 
 
Using the earlier gun design (Fig. 20) Sullivan et al (2008) took a large number of measurements 
which gave / 0.328 0.024pV V = ± , in good agreement with (39).  However their new gun yields 
63.0/ =pVV , Baird et al (1977) give 072.0493.0/ ±=pVV  and Dabiri and Gharib (2004) give 
40.0/ =pVV .  At first sight there is nothing we can do to alter (39).  However one can appeal 
again to Saffman (1978) who shows that for viscous vortex rings the quantity β  , and hence the 
speed of rings, can depend upon the distribution of vorticity in the core, see his equations (2.17),  
(3.5) and (3.6).  Indeed the core structure itself affects the ring velocity as we see in §1.1.  This 
problem clearly deserves further investigation.  In the meantime we suggest taking the ratio V/Vp  
as a figure of merit for each gun design. 
 
3.3 The Core Size. 
 
 There is a remarkable prediction of the propagation velocity of a vortex ring in a viscous 
fluid by Saffman (1970).  Saffman supposed that the vorticity in the core of the vortex ring has a 
Gaussian distribution given by  
                                     
2exp( / 4 )
4
r t
tφ
ω ν
piν
 = − 
G
                                               (40) 
where t is measured from a virtual origin where the core is of zero diameter and which in 
practice is likely the start of the stroke.  He then derived the propagation velocity to leading order 
 
8
= ln 0.558
4 R 4
RV
tpi ν
 
− 
 
G
,  (41) 
valid for small times where the core remains small.  Comparing (41) with (6) suggests a guess 
for the core parameter: 
 
 4a Tν= , (42) 
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where t=T is the stroke time of the gun.  This result is verified experimentally in Table 2.  
Furthermore the value of β  discussed in Table 1 is clearly 0.558. 
 
 The authors measured the core size by taking photographs of the ring and measuring the 
extent of the densest part of the core structure.  Results are shown in tables 2(a) and 2(b).   Table 
2(a) shows that the core size scales roughly as the square root of the stroke time, and table 2(b) 
shows that the core size is independent of stroke length.   
 
 
Table 2(a) Core radius as a function of stroke time at constant stroke length in water ( 3 29.78 10 /cm sν −= × ). 
Data taken with the new gun by Sullivan et al (2008). 
 
L (cm) T (s) aobs  (cm) a (cm) aobs/a 
2.0 0.05 0.048 0.045 1.07 
2.0 0.08 0.053 0.057 0.93 
2.0 0.10 0.064 0.063 1.02 
2.0 0.12 0.066 0.069 0.96 
2.0 0.16 0.073 0.080 0.91 
 
Table 2(b) Core size as a function of stroke length at constant stroke time in water. 
 
L (cm) T (s) aobs  (cm) a (cm) aobs/a 
1.4 0.10 0.061 0.063 0.97 
1.8 0.10 0.066 0.063 1.05 
2.0 0.10 0.064 0.063 1.02 
2.2 0.10 0.070 0.063 1.11 
2.6 0.10 0.064 0.063 1.02 
 
 
 
 The results of Table 2 show that the experimentally determined core size scales directly 
with the Saffman core size.   
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Fig. 16. Plot of the normalized intensity of the photographed pixels, cutting through the core of the ring.  The dashed 
line is the best Gaussian fit to the profile.  The half width at half power is 0.087 cm.   The Saffman core size 
corresponding to T= 0.167 sec is 0.082 cm.   
 
 If the ring is traveling slowly enough, we can get an entire array of  intensities such as we 
show in Fig. 16. Sullivan et al (2008) have made a fit to this data with a Gaussian whose half 
width at half power is 0.087 cm, in good agreement with the Saffman result.  However one does 
not know the quantitative relation between vorticity and intensity, so one cannot comment on the 
distribution of vorticity in the core. 
 
 Given the success of the Saffman core model, it would seem natural to believe that the 
core would grow as the ring propagates across the tank.   If the core were growing with time then 
for a time of flight t, the core size would be 4( )a T t= +   and a slow ring would attain a core 
radius of several millimeters. Sullivan et al (2008) show that the Baker (1966) technique cannot 
be used to settle this problem, but that Kalliriscope can.  Fig. 17 shows their measurements of 
core size as a function of time, and we can see that the core is not growing in time.  We do not 
understand why this should be so. 
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Fig. 17.  The radius of the core as a function of time for several stroke times as determined by Sullivan et 
al (2008).  Kalliriscope was used for visualization. 
 
 
3.4 Dimensions of the vortex bubble in water 
 
 Equation  (37) shows that the velocity of the  ring-bubble complex is directly 
proportional to the velocity of the piston, /pV L T= , so conservation of momentum  allows us to 
solve for the mass and hence the volume of the bubble (including the fluid within the ring).  
From (31) we obtain  
   
 
2
0p p p p p bM V V R LV M Vρ ρpi= Ω = = , (43) 
 The volume of the bubble is 3(4 / 3)b bRpi γΩ =   and its momentum in flight is bM V .  
However, as observed by Baird et al (1977), the creation  of the bubble by the piston involves the 
induced (or added) mass iM  .  The mass of the bubble in the momentum balance relation (43) 
which we call 'bM  must include the induced mass iM  which is usually written bi krWM = .    
For a sphere 1/ 2k = .  For more general shapes one can refer to § 80 of  (Loitsyanskii 1966). 
The case shown in Fig.14 has γ 0.6; , k=0.65.  Thus the momentum balance in (43) is amended 
to read  
 
  'p p bM V M V= , (44) 
 
where b' (1 )b b bM M kM k M+ = +; . The mass of the bubble associated with the ring is given 
by /(1 )b p pM M V k V= +  and the corresponding radius is  
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, (45) 
   
which using (33) leads to 
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1/3/ [ (1 ) / 3 ]bR R kγ pi= + Λ , (46) 
 
independent of R0, L and only logarithmically dependent upon T. 
 
 The discussions above show that for L=1.23 cm and T= 0.167 s , the entrainment fraction 
picked up  from ambient fluid after the piston stroke  ( ) / 0.55b p bη = Ω − Ω Ω =  (see Dabiri and 
Gharib, 2004). Eqs. (43) and (45) predict R=1.35 cm and 1.76bR =  cm, compared to 
measurements 10 cm from the gun which give R= 1.32  ±  0.02  cm   and 1.79 0.02bR = ± cm.  
The experimental value of / 0.74bR R =  is not far from the value 0.77 determined by (46), and 
considerably different from the two dimensional case of Fig. 1, where / 0.48bR R = . 
  
 
3.5 The slowing of vortex rings 
 
 There are a number of reasons vortex rings might slow down.  One common suggestion is 
that the core grows by diffusion, reducing the velocity by Eq. 41, another that bending waves 
grow and take energy from the ring, or that the ring may become turbulent in some sense and 
start to break up. Reynolds (1876) observed that “...rings grow in size as they proceed, and 
consequently they are continually adding to their bulk water taken up from that which surrounds 
them, and with which this forward momentum has to be shared.  A loss of velocity must result 
from this growth in size...”.  
 
 One of the commonly cited works that discusses the slowing of vortex rings is 
Maxworthy (1972). In it Maxworthy states that the velocity decays exponentially with the 
distance traveled by the ring and is proportional to 1/t for long times. Maxworthy observes that 
there is viscous entrainment of the fluid surrounding the vortex bubble as well as a detrainment 
of rotational fluid ejected  into a wake that trails the ring, a combination of which result in the 
slowing of the vortex ring. This phenomenon of entrainment and detrainment was first observed 
by Krutzsch (1939). He fired vortex rings through sheets of dyed fluid, which initially wrapped 
up around the bubble and were then shed into the wake of the ring. 
 
 Since the rings in the present study have quite small cores, and do not change their radius 
during propagation, it is tempting to consider viscous drag on the core, much as was done in 
experiments in superfluid helium.  The role of friction on quantized ring vortices has been 
reviewed by Barenghi, Donnelly and Vinen (1983).  They compute the drag per unit length on 
the core, and since the circulation is quantized, the only way to lose energy is to reduce the 
radius of the ring (recall the energy of a vortex ring is proportional to its radius as in Eq. 5.  This 
shrinking actually causes the ring to travel faster, as we see from (6), and we have the very 
unusual situation that quantized vortex rings speed up as they decay.  Sullivan et al (2008) have 
modeled  the viscous drag on the core in the spirit of the liquid helium investigators as we shall 
now explain.   
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   Of course we do not know the relevant drag coefficient for anything as exotic as a 
viscous vortex core (such as that suggested by Saffman), but we can certainly try to measure it.  
Let us define the drag coefficient on the core as  
   
21/
2dc f
C D V Aρ= ,       (47) 
where V is the ring velocity and RaA pi4= , where as usual a<<R.  The drag force will result in a 
loss of impulse given by  
  
21 4
2f dc
dPD C V aR
dt
ρ pi= × × = − ,      ( 48) 
 
where P is given by (3).  Thus the circulation decreases according to  
   
4d R dV
dt dt
pi
=
Λ
G
 ,     (49) 
where  Λ  is given by (38). 
   
 If X is the distance traveled from the gun and 0V is the speed at the mouth of the gun as 
given by (37), then the velocity at distance X is 
 
   0
cXV V e−= ,        (50) 
and the velocity at time t is 
    0 0/(1 )V V V ct= + ,       (51) 
 
where the damping coefficient c is 
 
   
2/ 2dcc C a Rpi= Λ  .      ( 52) 
 
It is worth noting that the velocity decays exponentially with distance and like 1/t for large times 
which is in agreement with the predictions of Maxworthy (1972) and the experiments of Scase  
and Dalziel (2006).  The distance X(t) traveled by time t can be written 
   ( )01( ) ln 1X t V ct
c
= + ,      ( 53) 
 
and (53) can be directly compared to experiment. 
 
 Note that we could calculate the drag on the vortex bubble instead of the vortex core and 
achieve the same equations with modified constants.  Since the damping coefficients c defined in 
(52) above are identical it is easy to convert one drag coefficient to another. 
 
It is well known that a circular vortex ring has a translational velocity which arises 
from its own curvature (the smaller the radius R of the ring, the faster the ring travels).  
More quantitative knowledge is now available about the slowing of a ring vortex by finite-
amplitude Kelvin waves.  Building on a seminal paper by Kiknadze and Mamaladze (2002) 
based on the LIA,  Barenghi et al (2006)  used the exact Biot-Savart Law to analyze the 
motion of a vortex ring in an inviscid fluid perturbed by Kelvin waves of finite amplitude, 
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as described in §2. They found that the translational velocity of the perturbed ring 
decreases with increasing amplitude of Kelvin waves; at some critical amplitude the 
velocity becomes zero, that is, the vortex ring hovers like a helicopter. A further increase 
of the amplitude changes the sign of the translational velocity, that is, the vortex ring 
moves backward.  This remarkable effect is due to the tilt of the plane of the Kelvin waves 
which induce motion in the "wrong" direction. The magnitude of the tilt oscillates, and 
what results is a wobbly translational motion in the backward direction. They have also 
found that the frequency of the Kelvin wave decreases with increasing amplitude and that 
the total length of the perturbed vortex ring oscillates with time. This oscillation in vortex 
length is related to the oscillation of the tilt angle.  This analysis suggests that the velocity 
of vortex rings may well depend on the amplitude of Kelvin waves at the time of 
formation.  Rings with substantial amplitude of Kelvin waves will be expected to move 
more slowly than rings with little or no Kelvin wave amplitude.  Thus we may expect that 
different investigators may well observe different ring velocities under nominally identical 
values of L and T.  Indeed, successive rings from the same gun could well have Kelvin 
waves of different phase and different amplitudes.  This might explain the rather large 
scatter we often see in vortex ring experiments. 
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Fig. 18.  (a) Ring arrival time as a function of  distance X from the gun.  Time is measured from the end of the stroke 
which is 9.5x10-3 m long, and is accomplished in 60 ms. (b) Slowing curve as a function of distance calculated from 
(35).  
 
 We now turn to measurements of the slowing of vortex rings in water, and comparison to 
the model. Sullivan et al (2008) used a high speed camera to track individual vortex rings as they 
propagate across the tank.  Fig. 18(a) shows data taken on the arrival time of rings as a function 
of distance X from the gun.  The solid line is the best fit of (53) to the data.  This yields a value 
of V0 of  12 cm/s, which is a fictitious initial velocity, as it ignores the formation process which 
extends about one diameter from the mouth of the gun.  The authors generally compare our 
experimental values of V0 to the V calculated from (41).  The data in Fig. 18(a) yield the value of 
c=133 cm-1 which together with (50) yields the slowing curve of Fig. 18(b). 
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 The decay of velocity as exponential in distance was first reported by Maxworthy (1972).  
We can see from (51) that the decay law t-1 quoted by Maxworthy is true only at long times when 
t>>1 (at even larger times the vortex undergoes viscous decay). 
 
Assuming that the drag model captures the dominant factors in slowing the rings, it is 
useful to deduce the drag coefficient from our experiments.  The results are shown in Fig. 19, 
where we call the core drag coefficient Cdc to distinguish it from the standard drag on a solid 
cylinder, which we denote by Cd. Two set of data are shown, one for the old gun design and one 
for the new. Note that the values of Cdc as shown here are for the drag on the core as envisioned 
by Saffman.  They do drop with Reynolds number as expected.   
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Fig. 19  The drag coefficient on the core Cdc as a function of Reynolds number (Re=V02a/ν).  The upper dashed-
dotted curve (-.) is the drag coefficient Cd for a solid cylinder.  The x’s are the measured drag coefficients with the 
old vortex ring gun and the middle solid curve is the best fit given by (54a). The + signs are the drag coefficients 
measured with the new gun and the lower dashed curve (--) is the best fit to these data given by (54b).  
 
 
 The first thing worth noting is that the drag coefficients for the new gun are significantly 
smaller than those measured with the old one. Additionally the scatter of data for the old gun is 
much greater than that with the new gun. The reason for these differences is that the rings 
produced by the old gun form Kelvin waves, such as those depicted in Fig. 5(b), at early stages, 
which cause slowing of the ring. Note that the investigations of Barenghi et al. (2006) cited 
above were for an inviscid fluid.  The results we have discussed show that while Kelvin waves 
certainly slow rings, they do not appear to stop or reverse them in a viscous fluid.  The data of 
Fig. 19 suggest that it may be very difficult for rings to slow and reverse because at very low 
Reynolds numbers, the drag becomes very large. We have carefully examined the last stages of 
the motion of very slow vortex rings.  To the best of our knowledge the rings never stop moving 
forward, and they certainly do not reverse 
 
 
 The data from Fig. 19 can be represented for the range 40< Re<300 by  
 
 Cdc= 7.07x10-6 Re2 – 4.9x10-3 Re +1.49 (old gun), (54a) 
   Cdc=1.007x10-5 Re2 – 5.52x10-3 Re +0.8 (new gun), (54b)  
 31
 
which are fits to the data.  The drag coefficients of Fig. 19 illustrate the dramatic effect of Kelvin 
waves even in a viscous fluid.  At a Reynolds number of 250 the drag coefficient for the new gun 
is 0.049  and for the older design  0.707, a ratio of 14 to 1! 
 
3.6. Measurement of the Impulse of Vortex Rings 
  
  A familiar measure of impulse is the "ballistic pendulum" consisting of a bag of 
sand suspended by a rope which was used in tests of bullets before modern electronics was 
developed.  A bullet fired into the bag causes the bag to swing, and hence gives a measure of the 
impulse imparted by the bullet.  Sullivan et al (2008)  decided to measure the impulse of vortex 
rings using a  physical pendulum of 6"x6" aluminum plate 1/32" thick.  Tests showed that this is 
large enough to collect all the momentum from a vortex ring approximately 1" in diameter.  The 
problem, then, was to find a way to calibrate this pendulum which is completely submerged in 
water without trying to understand  effects such as viscosity and added mass of such an awkward 
object. The method adopted to do this was to calibrate the pendulum by means of a bob 
pendulum suspended above the tank on a long string.  The bob had a short rod attached to its 
bottom for timing purposes. Measurements were taken when the bob reached its lowest point. 
 
 
  
 
 
 
Fig. 20 The last step is to remove the bob pendulum and fire vortex rings at the physical pendulum.  The original 
gun was used in these experiments.  Since we have an absolute calibration of the deflection as a function of 
momentum we can determine the impulse of the vortex ring without knowing anything about the physical 
characteristics of the pendulum. 
 
Angular deflections were measured using a solid state laser diode and lens as a source of 
light and a line scan CCD angle sensor, outputting to an oscilloscope. 
 
The momentum calibration was expressed as a second order power series in the angle of 
deflection of the pendulum.  Thus measurement of the deflection of the pendulum gave the 
experimental value of impulse Pe.  The authors used two different ways of comparing their 
measurements with other methods of measuring impulse.  One is to compare the momentum 
using the circulation G  as calculated from the velocity. The second is to compare to the 
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momentum given to the water by the piston.  The mass displaced by the piston is 
2
0pM R Lρpi= and the momentum given to the water in the piston is  
 p p pP M V= . (55) 
We show in table 3 a comparison between the measured impulse Pe and Pp. 
 
Table 3 Comparison between the measured impulse Pe and the momentum given to the water by the piston, Pp.  
 
L  (cm) 1.5 2.0 2.5 3.0 3.0 3.0 
T  (s) 0.05 0.05 0.05 0.05 0.075 0.10 
Pe  (g cm/s) 257 448 632 877 622 468 
Pp  (g cm/s) 228 405 633 912 608 456 
Pe/Pp 1.1 1.1 1.0 0.96 1.0 1.0 
 
 
3.7 The energy of vortex rings 
 
 Since the expression for the velocity of a viscous ring (37) is not much different than the 
corresponding inviscid result (6), we might hope that the energy might not be too far  from the 
inviscid result 
  
 
1 1[ln(8 / ) ] '
2 2
E R R a Rρ α ρ= − = Λ2 2G G . (56) 
  
The energy given to the water in the gun by the piston is called Ep.   
 
2 21 / 2
2p p p p p
E M V P M= = . (57) 
 However there are a couple of subtle points needed to show this.  The first is the added mass 
discussed in §2.4. The mass of water traveling with the bubble, corrected for added mass, is 
. (1 )b bM kρ= Ω +  and the momentum of water traveling with the bubble is b bP M V= .  The 
kinetic energy associated with the traveling bubble is 2 / 2b bP M .  Now we have shown 
experimentally that p bP P= , and that b pM M> .  Thus the kinetic energy associated with the 
bubble is considerably less than pE .  The difference must be some potential energy associated 
with the bubble.  It is known that rectilinear vortices have an energy per unit length, or tension 
(see for example, Donnelly 1991, p.13).   Thus the ring has, in effect, an energy per unit length 
times 2πR and that will be the energy E of the ring (56).  
 
 Let us explore this numerically. For a typical ring with L=1.23 cm, T=0.167 s, we find 
2 / 2 169.0p pP M =  and 2 / 2 46.58b bP M = .  The difference is given by (56) with 2.05α = , not far 
from the values in Table 1.    
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3.8 Ring collisions in viscous fluids 
 
 Vortex ring collisions with other rings, vortex filaments, or boundaries is a large and 
relatively new subject which has received considerable attention in the  quantum turbulence 
literature, some of which we have referred to in Section 2.  Space prohibits an extensive 
discussion of this subject, instead we direct the reader to sources of available information. 
 
 Leapfrogging, or passage interactions, occur when two vortex rings are ejected from the 
same gun in quick succession..  Once generated, the velocity field of the second ring will cause 
the first ring to expand in diameter and slow down.  In contrast, the velocity field of the first ring 
will cause the second to shrink and speed up.  Under the right conditions the second ring will 
catch up and pass through the first, and again, if all is right, this can repeat itself.  Discussions 
are contained in the reviews of Shariff and Leonard (1992 §5.1) and Lim and Nickles (1995 §IV 
5.1.2).  A celebrated sketch of this interaction is contained in Sommerfeld (1950) and shown in 
Fig. 21.  Sommerfeld’s discussion, of course, is based on inviscid arguments. 
 
 
 
Fig. 21 Leapfrogging vortices after A. Sommerfeld (1950) 
 
 Head-on collisions in viscous fluids are reviewed in Shariff and Leonard (1992 §5.2) and 
Lim and Nickles (1995 §IV 5.1.1).  An experiment illustrating head on collisions is shown in 
Fig. 22.  Here the rings grow to about four times their initial diameter, Kelvin waves are 
generated the circumference of the rings after they have expanded, the waves from the two rings 
are forced into contact at points of maximum inward displacement, until finally reconnections 
occur producing a series of smaller rings around their common circumference.  One would 
suspect that this phenomenon should occur with superfluid vortex rings as well, and would be 
worth investigating by further experiments and by simulation. 
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Fig. 22 Head-on collision of two vortex rings (made visible using colored dyes in water). Reproduced from Lim and 
Nickels (1992) by permission. 
 
 Vortex rings can be fired at surfaces.  Examples of vortex rings colliding with a solid 
boundary both normally and at an angle are given in Lim and Nickles (1995 §IV 5.2.1) and with 
a slip boundary condition such as a free surface are given in Shariff and Leonard (1992 §5.3). 
 
 A very interesting field of investigation is the collision of two vortex rings intersecting at 
an angle.  Part of the excitement of this topic is the hope that two vortex rings might link in the 
manner suggested many years ago by Lord Kelvin.  A fanciful illustration of this idea is shown 
in Fig 23. 
 
 
Fig.23 Sketch from a 1911 “Text-Book of Physics” by W. Watson (Longmans Green & Co.).  
 
 Lord Kelvin’s idea was that all space is filled with a frictionless, incompressible and 
homogeneous fluid (the ether) and that an atom is simply a vortex in that medium.  Since a 
vortex can never intersect itself, it follows that the number of times such a vortex is linked with 
itself must always remain the same.  Hence one may suppose that the atoms of different elements 
are distinguished from one another by the number of times they are linked. 
 
 In section 2 we have seen the results of some calculations for vortex knots using the LIA 
and the Biot-Savart law. A stimulating investigation of this problem was undertaken by Aref and 
Zawadzki (1991).  They describe three-dimensional simulations  which establish a simple 
mechanism by which the linking of two vortex rings may be achieved starting from an unlinked 
initial state.  Appropriate initial states were identified by simulating the unlinking of two initially 
linked vortex rings and reversing the vorticity of the final state and running the simulation 
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backwards.  Their computational procedure shows why linking is not always achieved from an 
arbitrary initial configuration of unlinked vortex rings fired at each other. 
 
 We have been preparing such experiments at the University of Oregon.  We show in Fig. 
24 a sequence of photographs in which two vortex rings collide, producing an intermediate state, 
which eventually decays into two vortex rings.  The mechanism for this behavior is discussed by 
Lim and Nickels (1995), whose experiments show that each of the final rings contains material 
from each of the colliding rings.  Experiments on colliding rings at different angles have been 
reported by Kambe and Takao (1971) and Fohl and Turner (1975).  Fohl and Turner  
demonstrate that if the angle between the normals from the two rings exceeds 32 degrees, the 
resulting ring distorts to form  a figure-of-eight due to its self induced velocity.  This shape 
brings the two sides together and at the point of contact a reconnection occurs again.  The large 
ring then breaks into two small rings with their axes of symmetry lying in a plane perpendicular 
to the plane of approach of the original rings. 
 
 
    
 
Fig. 24  Time sequence (left to right, top to bottom) of the collision of two vortex rings taken at the University of 
Oregon., forming a figure-of–eight  intermediate state as described by Fohl and Turner (1975) and Kambe and 
Takao (1971).   
 
4. Conclusion 
 
 The study of quantized vortex rings has provided a modern context for the classical 
theory of  thin-cored vortex rings, which dates back to the time of Lord Kelvin. As we have 
shown in this review, the NLSE and the vortex filament model have provided us with useful toy 
models to study fundamental processes taking place in a turbulent superfluid, such as energy 
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decay and reconnections. Nowadays superfluid 4He is not the only context in which quantized 
vorticity is studied: current research is also concerned with 3He-B vortices and vortices in atomic 
Bose-Einstein condensates. 
 
 This review has also shown that the study of vortex rings in classical viscous fluids 
benefits from being able to characterize experimentally the properties of vortex rings in a simple 
way, which is best done with thin-core vortices.  
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